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1. Introduction
LetH be a complexHilbert space,with inner product 〈, 〉, anddenote byB(H) the algebra of bounded
linear operators on H. Given an operator T ∈ B(H), we denote as usual by
W (T) = {〈Tx, x〉 : x ∈ (H)1},
the numerical range of T , where (H)1 = {x ∈ H : ‖x‖ = 1} is the unit sphere in H, and by
w (T) = sup{|λ| : λ ∈ W (T)},
the numerical radius of T . Clearly, w(T) ‖T‖. Also, it follows from polarization (see [1]) that
w (T)
1
2
‖T‖ (1)
for any T ∈ B(H).
E-mail address: garayev@fef.sdu.edu.tr
0024-3795/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2009.03.034
M.T. Karaev / Linear Algebra and its Applications 431 (2009) 818–822 819
Haagerup and de laHarpe [2] proved the following inequality for the numerical radius of a nilpotent
contraction N ∈ B(H):
w (N) cos
π
n + 1 , (2)
where n, is the nilpotency degree of N, that is Nn = 0, but Nn−1 /= 0. In what follows another proofs
of Haagerup and de la Harpe’s inequality (2) are given by many authors. We refer to [3–7] for recent
papers related to the inequality (2).
In the present paper we prove the Haagerup–de la Harpe type inequality for the numerical radius
of some C00-contractions, beyond the class of nilpotents.
Recall that C00 is the class of all contractions T ∈ B(H), for which s − limn Tn = s − limn T∗n = 0.
It is well-known result of Sz.-Nagy and Foias (see [8,9]) that each T ∈ C00 is unitary equivalent to
its model operator Mθ = Pθ SE|Kθ , acting on the model space Kθ = H2(E)  θH2(E). Here θ = θT ∈
H∞(B(E)) is the characteristic function of the contraction T (a two-sided inner function); E is a Hilbert
space with dim E = dim(I − T∗T)H,H2(E) is the Hardy space of E-valued functions consisting of all
Taylor series f (z) = ∑∞n=0 fˆ (n)zn, z ∈ D = {z ∈ C : |z| < 1}, where fˆ (n) ∈ E, n 0,∑∞n=0 ‖fˆ (n)‖2E
< +∞; Pθ = I − θP+θ∗ is the orthogonal projection of H2(E) onto Kθ , where P+ is the Riesz pro-
jector of L2(E) onto H2(E), and SEf = zf is the unilateral shift operator on H2(E).
We refer to [8–10] for more detail information on the model theory of Sz. Nagy and Foias, theory
of Hardy spaces and Hankel operators.
2. Results
1. In the following theorem we use the Sz.-Nagy–Foias model operators and Hankel operator
techniques to obtain the Haagerup–de la Harpe type inequality for some C00 contractions. Before
formulating the theorem, note that if x is a vector inH2(E), then in its inner-outer factorization x = xixe
the outer factor xe is a scalar function, |xe(z)| = ‖x(z)‖E , and correspondingly, xi(z) = x(z)xe(z) is a vector
from H2(E) possessing unit norm in E almost everywhere on the unit circle T.
Theorem 1. Let Θ be a two-sided inner function, KΘ = H2(E)  ΘH2(E) (E is some auxiliary Hilbert
space) be a model space and MΘ = PΘSE|KΘ be a corresponding model operator. Suppose that there exist
x ∈ (KΘ)1 ∩ H∞(E) and an integer n 1 such that:
(a) S∗nxe ∈ H∞(D), where S is the shift operator on the Hardy space H2 = H2(D), Sf = zf ;
(b) 〈MkΘx, x〉 = 0 for each k n;
(c) |〈MΘx, x〉| = w(MΘ).
Then w(MΘ) cos πn+1 .
Proof. Let x = xixe be the inner–outer factorization of the function x ∈ (KΘ)1 ∩ H∞(E). Since xi is an
inner function, condition (b) implies that〈
zk
∑
i o
xˆe (i) z
i,
∑
i o
xˆe (i) z
i
〉
= 0 (k n)
That is∑
i o
xˆe (i) xˆe (i + k) = 0 (k n)
or ∑
i o
xˆe (i) xˆe (i + n) = 0,∑
i o
xˆe (i) xˆe (i + n + 1) = 0,
· · ·
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i.e., ⎛
⎜⎝ xˆe (n) xˆe (n + 1) · · ·xˆe (n + 1) xˆe (n + 2) · · ·· · · · · · · · ·
⎞
⎟⎠
⎛
⎜⎜⎝
xˆe (0)
xˆe (1)
...
⎞
⎟⎟⎠ = 0.
Denoting
Hn
def=
⎛
⎜⎝ xˆe (n) xˆe (n + 1) · · ·xˆe (n + 1) xˆe (n + 2) · · ·
. . . . . . · · ·
⎞
⎟⎠ , −→x def=
⎛
⎜⎜⎝
xˆe (0)
xˆe (1)
...
⎞
⎟⎟⎠
we have
Hn−→x = 0, (3)
where Hn is an inﬁnite Hankel matrix. We have
S∗nxe (z) =
∑
k o
xˆe (n + k) zk def= ϕn (z) ∈ H∞ (D) (by condition (a)).
Obviously,
xˆe (n + (k + m)) = ϕˆ∗n (k + m) (k 0,m 0) ,
where ϕ∗n (z) denotes the function ϕn(z). Then by Nehari’s theorem [11] it is clear from the condition
(a) of the theorem that the Hankel operator Γϕ∗n ,
Γϕ∗n f =
∑
k,m o
ϕˆ∗n (k + m) fˆ (k) zk , f ∈ H2
is a continuous operator in the space H2, i.e., the Hankel matrixHn determines the continuous Hankel
operator Γϕ∗n in the space H
2. Therefore the equality (3) means that
Γϕ∗n xe = 0, (4)
that is, xe ∈ ker Γϕ∗n . Since the Hankel operator Γϕ∗n satisﬁes the equality
Γϕ∗n S = S∗Γϕ∗n ,
ker Γϕ∗n ∈ LatS, i.e., ker Γϕ∗n is S-invariant subspace. Then according to the theorem of Beurling [10]
there exists an inner function Ω ∈ H∞(D) such that ker Γϕ∗n = ΩH2. Consequently, equality (4)
means that xe ∈ ΩH2. But, since xe ∈ H2 is an outer function, the latter inclusion is possible only
in the case when Γϕ∗n = 0. Therefore, 0 = xˆe(n) = xˆe(n + 1) = · · ·, and thus, xe is a polynomial with
degree  n − 1:
xe (z) = xˆe (0) + xˆe (1) z + · · · + xˆe (n − 1) zn−1.
Then
〈MΘx, x〉 = 〈PΘzxixe, xixe〉
= 〈zxixe, xixe〉 = 〈zxe, xe〉
=
n−2∑
i=0
xˆe (i) xˆe (i + 1).
From this we deduce that
|〈MΘx, x〉|
n−2∑
i=0
∣∣xˆe (i)∣∣ ∣∣xˆe (i + 1)∣∣ cos π
n + 1 .
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Consequently, by virtue of condition (c) of the theorem we have
w (MΘ) = |〈MΘx, x〉| cos π
n + 1 ,
which completes the proof. 
Let us give a nontrivial example satisfying conditions of Theorem 1.
Example 1. Let S, Sf (z) = zf (z), be a shift operator acting in theHardy spaceH2(D),NS := S(I − SS∗),
and let T be a contraction on the Hilbert space H such that ‖T‖ < 1
2
. Let us consider the following
operator on the space H2 ⊕ H:
A := NS ⊕ T .
Since ‖NS‖ = 1,N2S = 0, T ∈ C00, we have that A ∈ C00 with ‖A‖ = 1. On the other hand, it is easy
to verify that |〈Nsf , f 〉| = |fˆ (0)fˆ (1)| 12 for every f ∈ (H2)1. Since w(T) < 12 , clearly the numerical
radius w(A) of the operator A is attained in the element 1+z√
2
⊕ 0. Obviously, 1+z√
2
⊕ 0 ∈ ker(A2), and
consequently
〈
Ak 1+z√
2
⊕ 0, 1+z√
2
⊕ 0
〉
= 0 for all k 2.Moreover, 1+z√
2
is anouter function and S∗2 1+z√
2
=
0, and thus A satisﬁes the conditions of Theorem 1, which gives that w(A) 1
2
.
2. Our next result is a slight generalization of Haagerup–de la Harpe ’s result in [2] which uses the
classical Fejer theorem (see [12]) on positive trigonometric polynomials. Its proof is similar to the proof
in [2].
Theorem 2. Let T ∈ B(H) be a contraction such that σ(T) ⊂ D. Suppose that there exist x ∈ (H)1 and
an integer n 1 such that:
(a) 〈Tkx, x〉 = 0 for each k n;
(b) |〈Tx, x〉| = w(T)
Then w(T) cos π
n+1 .
Proof. Let us set
fx (t) =
n−1∑
k=−(n−1)
fx,ke
ikt ,
where
fx,k =
⎧⎪⎨
⎪⎩
1, if k = 0,
〈Tkx, x〉, if k > 0,
〈x, T |k|x〉, if k < 0.
Since σ(T) ⊂ D, for each t ∈ R I − eitT is an invertible operator. Then by condition (a) we have
fx (t) =
〈⎡
⎣I + ∑
k 1
(
eitT
)k + (e−itT∗)k
⎤
⎦ x, x
〉
=
〈[(
I − eitT
)−1 + (I − e−itT∗)−1 − I] x, x〉
=
〈(
I − eitT∗
)−1 [
I − e−itT∗ + I − eitT −
(
I − e−itT∗
) (
I − eitT
)]
·
(
I − eitT
)−1
x, x
〉
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=
〈(
I − eitT∗
)−1 (
I − T∗T) (I − eitT)−1 x, x〉
=
〈(
I − T∗T) (I − eitT)−1 x, (I − eitT)−1 x〉 .
Since ‖T‖ 1, the inequality I − T∗T  0 is valid, and hence, the last equality means that fx(t) 0, i.e.,
the trigonometric polynomial fx(t) is positive. Then by the Fejer theorem, we have∣∣fx,1∣∣ fx,0 cos π
n + 1 ,
that is,
|〈Tx, x〉| cos π
n + 1 .
Thus, by condition (b) we have
w (T) cos
π
n + 1 ,
as desired. 
The following isan immediatecorollaryofTheorem2,whichgivesaboundbetter than theHaagerup-
de la Harpe theorem.
Corollary 3. Suppose T ∈ B(H) satisﬁes‖T‖ 1, T3 = 0 and there exists x ∈ (H)1 such that 〈T2x, x〉 = 0
and |〈Tx, x〉| = w(T). Then w(T) 1
2
.
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